I. INTRODUCTION The case study presented here concerns the design of two generators with surface permanent magnets with different speed and power, which have the same cross section in both stator and rotor ( Fig. 1) . One of them is rated 3kW and 350rpm and is intended for rooftop wind turbines, whereas the other is rated 4kW and 500rpm and is intended for mini hydropower plants, both with 220V phase-tophase voltage. For the purposes of the project, both feed on a resistive load. Sharing the same crosssection aims to reduce the cost of stamping tools and stock of components (mainly magnets).
The objective of the optimal design is to find a design respecting, what we call, the M Main Input Specifications (MIS) concerning the rated speeds, powers and voltage. Minimizing total material cost C tmat of both structures and restraining efficiency η must be achieved by respecting those specifications. The external diameter of the stator must also be less than or equal to 300mm.
The originality of the paper is to propose a generic methodology, using optimization, for making simultaneously the design of two devices sharing some components like typically the same cross section of iron or the same magnet.
II. THE SIZING AND OPTIMIZATION MODELS BASIS
The methodology presented here uses an optimization approach for which we introduce the concept of sizing model, and optimization model.
The sizing model will be used for finding a first design for one machine (we can call this design, design A) Then an optimization model is introduced for making the simultaneous optimization of the two machines sharing the same cross-section.
Let us begin presenting the basis of the two models used in our design:
Optimal design of a set of permanent magnet generators with the same cross-section  the sizing model for finding an initial design which is only an estimation, and not an optimal solution  the optimization model that will allow us not only to optimize the design, but also to make simultaneously the design of two machines sharing the same cross section.
A. The Sizing Model used for making the initial non optimal design of one machine
First we have to remember that the goal of the design is, starting from the M main input specifications, to find at least one set of machines characterized by:
 N design parameters (DP i ): this set includes the construction parameters of the device like the geometrical ones along with parameters such as the winding and the length of the machine.
 K performances (P erfk ): this set includes physical characteristics of the machines (with parameters like torque and currents) as well as physical constraints (with parameters like current density and inductions). In practice, the problem is quite complex as, in general, we have N>>M. So a "good" sizing model needs to offer an efficient way to calculate those N design parameters starting from only the M main input specifications. In a "good" sizing model, this is obtained thanks to the designer knowledge that allows fixing the values of a subset of N 1 design parameters and the values of a subset of K 1 performances.
The remaining (N−N 1 ) design parameters and (K-K 1 ) performances are calculated through a mixture of knowledge, physics, and expertise.
The sizing model is purely analytical and is built based mainly on these references [1, 2] .
To compute the N design parameters and K performances of the device, the sizing model takes as input:
 M=5 main input specifications (n A = 350 rpm, P nA = 3 kW, n B = 500 rpm, P nB = 4 kW, V n = 220V) that are defined by the requirements of the application.
 N 1 =12 initial design parameters on some geometric and design parameters (pole pairs p, stack length L stk , etc.) that are defined by the designer experience for the given application.
 K 1 =16 initial performances, primarily with physical constraints (air-gap induction Bg, teeth induction B d , the current density J, etc.) that are also defined by the designer experience for the given application.
To give a value to the following:
 N-N 1 remaining "design parameters", that are mainly dimensions and winding characteristics, and  K-K 1 "performances", like torque, efficiency, resistances and reactances, NbE equations are defined as follows: (1) Among the NbE equations, we typically have the following:
 Analytical equations that allow calculating some design parameters from some "options on performances";  Heuristic and statistic equations.
The advantages of sizing models are as follows:
 They are able to find a design starting from the M main input specification parameters: this the key point and the main characteristic of a sizing model,  They can make the design with a simple calculation owing to the use of analytical knowledge [1, 2] ,  Owing to the heuristic knowledge they contain, they are able to directly provide a good initial solution for calculating all the N design parameters and K performances based on just N 1 "design parameters" and K 1 "performances".
The limits of the sizing model are as follows:
 The precision, that is well adapted for making a very good initial design, is too low for optimizing the design precisely;
 This precision is difficult to improve because these models have to retain the property to be inverse models: the price for being able to calculate the majority of the design parameters starting from the M minimal specifications, and a limited number N 1 of "design parameters"
and of K 1 "performances" means necessarily making assumptions and approximations;
 They do not provide an optimal solution because assumptions have been made especially on the N 1 initial design parameters and K 1 initial performances. So we do not have an idea of the global design space and the possible optimal solutions;  They rely heavily on the knowledge and experience of the designer.
It is also difficult to take into account the following: An Optimization Model is a direct model: this means that this model is written in the natural physical way or in the natural direct sense.
This has two consequences:
1°. This model can be more complicated, with less assumptions and hypotheses. Thus we can use more sophisticated approaches like reluctances network that allow to model phenomena like saturation of flux leakages (phenomena that are usually neglected in a sizing model).
Typically with such a model, the induction of the airgap will become an output of the model, calculated by the reluctance network (an not an input parameter for which the designer will have to guess a value).
2°. Usually in such a model, not all the M Main Input Specifications (MIS j ) are inputs of the model.
Consequently, this OM will have as inputs the following:
to give a value to the following:
 N−N 2 remaining "design parameters,"
Finally, an OM links I p input parameters (with p ∈[1,M 2 +N 2 +K 2 ]) to O o outputs parameters (with
Thus, in an OM, the main key point is that all the "main input specifications" are not necessarily inputs; for our set of PMGs, only n A = 350 rpm and remain as inputs, whereas P nA and V n are outputs.
The OM developed for one machine verifies N 2 + K 2 = 26 (with parameters about geometry, magnet, windings, and materials) and M 2 = 1 (the speed n A ), all the other parameters (like inductions, current density, rated power, torque etc.) are output parameters. The structure of an OM for sizing a single machine is illustrated on figure 2. Making the design with this kind of model is a complex task because some of the M main specifications that we have to reach are outputs of the model (typically, P nA and V n for our PMG). To solve this problem, the OM should be coupled with an optimization algorithm what will be explained latter in this paper.
2) The optimization model for the sizing of two machines sharing components
The structure of an OM for sizing two machines sharing components is illustrated on figure 3 . The main principle is:
 Duplication of specifications, parameters and performances specific to each machines, with duplication of the associated equations,  but sharing of parameters linked to the common components: typical the geometrical parameters linked to the common cross section (height and length of tooth, height of rotor and stator yoke, …).
The consequence of this is that this OM model, adapted for making the simultaneous design of two machines is necessarily more complex, with more parameters.
III. THE PROPOSED OPTIMIZATION METHODOLOGY FOR MAKING THE SIMULTANEOUS DESIGN OF TWO MACHINES SHARING COMPONENTS:
In this paper we propose to use of the OM with an optimization algorithm able to solve the following generic problem:
 Minimizing an objective function that is one of the outputs of our OM: (2)  With the outputs of the OM that can be constrained or fixed:  With the inputs of the OM that can be constrained or fixed: This allows us to solve the design problem by being able to limit any parameter to a fixed value or constrain it inside an interval regardless of whether this parameter is an input or an output. Therefore, for our PMGs, there is no problem in configuring the solution such that n A = 350 rpm, P nA = 3 kW, n B = 500 rpm, P nB = 4 kW, V n = 220V and D es ≤ 300 mm even if those parameters are output parameters of our OM.
From a theoretical and practical point of view, the difficulty is that the number of inputs and outputs can be quite high, especially when we want to make the simultaneous design of several machines sharing components, since the number of parameters will increase with this number of machines and this even if some parameters are shared.
That is why we propose here to use the methodology described in [3] and implemented in the CADES software [4] . This methodology is particularly efficient for solving optimization problems of electromagnetic devices with a high number of input and output parameters and constraints.
The principle is:
1° The designer has to give the model as a "white box" to a generator (a kind of compiler).
"White box" means that the designer will give all the algebraic equations of the model of the device in a declarative language (called in CADES the SML language for System Modeling Language). Then the generator, thanks to an automated process, creates a code that computes the model. Moreover, as the generator produces computation code, it also obtains the derivatives of the equations and produces the sensitivity computation code. This has been done with sophisticated approaches likes symbolic computation, or Automatic Code Differentiation.
This produces a software component, able to compute all the equations O o (I p ) but also all the partial derivatives (or Jacobian) as illustrated on Figure 1 . By this way it generates the right formal sensitivity of the model, which will give us information for being able to solve more easily large optimization problems (with a high number of input and output parameters). Thanks to the fact that we have the computation of the formal right sensitivity, and that we have use deterministic optimization algorithms like Sequential Quadratic Programming [5] With this approach With this approach], we have then an optimization process that is very quick (only a few seconds), even with a high number of parameters and constraints. This property is very important for making simultaneous optimization of several machines. Figure 5 gives an overview of this optimizer available in the CADES software. With this approach, the OM can be analytical but also semi-numerical. For instance, for the OM of our set of PMGs, we use a reluctance network [6] (see Fig. 6 ) approach to compute the induction in the air gap, the stator, and the rotor for each optimization step. This reluctance network is realized using the software RELUCTOOL that is part of the CADES optimization tool. It takes into account the magnetic saturation of the iron during the optimization process. The reluctance network was validated comparing the magnetic induction in the air-gap with that obtained using the finite elements method. Fig. 6 . PMG no-load reluctance magnetic equivalent circuit.
The OM being analytical or semi-analytical the best performances are obtained, it evaluates quickly and it is quite easy to compute derivatives that will greatly improve the efficiency of optimization algorithms. This is why, for us, a purely numerical model is not a good OM; it has to be considered as a validation model, to be used after the optimization process to verify the result.
Lastly, we can say that many works and papers have proposed solutions for optimization of electromagnetic devices. We can think about [7] [8] [9] and commercial solutions are of course available.
The originality of this paper is to propose an approach for making optimization with models with a high number of parameters and constraints, what is a necessity for making simultaneous optimization of devices sharing components. We have validated this methodology for reaching this goal, a good strategy is to develop semi-analytical models, which can be derived in a formal way and linked to a deterministic algorithms.
Because the OM is written in a physically direct sense, the designer has no limits for including equations or additional submodels (for instance, a thermal model) depending on the design parameters and conditions of use, and with more physical information.
IV. A GENERAL DESIGN PROCESS USING THE COMPLEMENTARY PROPERTIES OF THE SIZING AND OPTIMIZATION MODELS
Here, we will describe the complete optimal design process in three steps using the sizing model and the optimization model successively.
A. Step 1: Preliminary Sizing
In this step, the SM of part II is used. It can be implemented in tools like Excel or Mathcad. Here, we are able to compute an initial design starting only from M = 3 main input specifications. The total cost of material of the 3 kW / 350 rpm generator for this design is US$ 813 and has an efficiency of B.
Step 2: Optimization in continuous sizing space In this step, the OM of Section III is used with the methodology and software described in [3, 4] .
Here, a continuous optimization process is carried out with the following characteristics for the 3 kW / 350 rpm generator:
 The optimization process is carried out with a gradient optimization algorithm (sequential quadratic programming [3] ). Because the entire sensitivity of the optimization is computed [4] , this results in a very fast optimization process, only a few seconds for our PMG.
 This optimization is made for the first time by letting all the parameters vary continuously.
The optimization algorithm needs an initial starting point; the machine of the preliminary sizing (Step 1) is used.
For our PMG, this allows us to make a mono-objective optimization in which we minimize the total material as a function of the efficiency. This consists of an entire set of optimizations, where we discretize the efficiency to several values between 92.5% and 95%, and for each discrete value of efficiency in this range, we make an optimization in which we minimize the material cost. This allows building the curve showed in Figure 7 . This curve corresponds to the Pareto Front in the continuous space (what we call the imaginary Pareto front: IPF [10] ). This curve represents the best possible compromise between cost and efficiency in the continuous space. We talk about imaginary machines, as many of the PMG of this front cannot directly be built. This is because some continuous parameters need to be discretized (like the number of conductors in a slot). However, the advantage of this curve is that it is very fast to compute (only in a few seconds for our PMG) and gives the theoretical limit of the best possible compromise between cost and efficiency.
We can see from Fig. 7 that the optimization procedure led us to a much lower total material cost.
Although the initial sizing gave us a starting point very far from the optimal design graph, the OM since the first iteration brought the solution to this region. Depending on the choice of efficiency we 
C. Step 3: Discretization
In Step 2, all the optimal designs (the machines of the IPF front) are made in the continuous space.
We need to design at least one machine by discretizing the parameters that must be discretized (typically, for our PMG, the number of conductors in a slot must be an integer and the diameter of the wires must be chosen from a commercial round wires table). For this, we use the OM with a simple procedure: a successive rounding of continuous parameters to the nearest discrete values, and we restart optimization after each discretization. Of course, a more sophisticated procedure can be imagined, but this one is sufficient for our PMG to obtain a machine that is very close to the one obtained in step 2 as can be seen in Fig. 8 where a red cross marks this solution.
V. OPTIMAL DESIGN OF THE SET OF TWO MACHINES
Once the OM is established, we now have to adjust it to consider the two PMG.
This is not difficult because the main dimensions are defined to be the same. The only dimension that is allowed to be different between the two machines is the length of the stack. Also, the stator winding is allowed to be different between the two machines, which means that the number of conductors in the slots and the section of the wire will be different. A one slot per pole per phase winding is chosen to simplify the design in a first moment.
1) Defining the number of pole pairs
We start the optimal design by choosing the number of pole pairs of the two machines. To do that, we used the optimization tool CADES with the Pareto tool for calculating the set of two imaginary machines for different numbers of pole pairs. Fig. 8 shows that the total material cost decreases when the number of pole pairs increases. Note: in all cases the outer stator diameter is limited to 300 mm and the optimizations always push it to this maximum, as expected. We verify also in this figure that the efficiency increases with the number of pairs of poles and the higher efficiency of the 4 kW/500 rpm machine due to its lower copper losses.
The variation of the cost of copper, iron and magnets with the number of pole pairs is shown in Fig. 9 for the 3 kW/350 rpm machine as well as for the 4 kW/500 rpm machine. We observe here that the higher cost corresponds to the NdFeB permanent magnets, as expected. We observe from this figure that the larger percentage cost reduction corresponds to copper.
The main limitation considered in choosing the number of pole pairs of the two machines was related to the width of stator yoke and teeth. Considering the external diameter of the two machines, that was fixed to 300 mm maximum, and for reason of mechanical rigidity we decided to limit the stator yoke and teeth width to 10 mm corresponding to 6 pole pairs for both machines. Fig. 10 .a shows the detail of the slots and teeth for three pole pair numbers (in the same scale) that allows verifying that both the tooth width and stator yoke became thinner. Fig. 10 .b shows the variation of the tooth and yoke width as the pole pair number increases. 
2) Defining the magnets thickness
Having determined the number of pairs of poles, we now define the proper thickness of the permanent magnets examining how this dimension affects the total material cost, the efficiency and the armature reaction.
As a design criterion we adopted a permeance coefficient for the permanent magnets equal to 10, meaning that the air gap is 1/10 of the permanent magnets thickness [1] .
To do that, once again, we used the optimization tool CADES with the Pareto tool for calculating the set of two imaginary machines for different permanent magnets thicknesses [5] .
Considering the high cost of the NdFeB permanent magnets it is important to consider this aspect in defining its thickness. Fig. 11 .a shows that after 4 mm the total cost increase presents a kind of saturation with the permanent magnet thickness.
On the other side, a beneficial effect of increasing the permanent magnet thickness is to increase the efficiency. This can be seen in Fig. 11 .b where we find that the efficiency of the 3 kW machine is lower than that of the 4 kW machine. This difference of efficiency, although the two machines are designed with the same current density, is due to the greater resistance per phase of the 3 kW machine. This is corroborated by the copper losses, shown in Fig. 12 .a, which are larger in the 3 kW machine, while the iron losses are much smaller than the copper losses and are fairly similar on both machines. Another aspect to be considered is the armature reaction, which was found to require some attention. We will discuss this phenomenon later, but it should be noted here that a lower synchronous reactance is desired. Fig. 12 .b shows that the synchronous reactance is strongly influenced by the thickness of the permanent magnets as expected.
Considering all these aspects we decided to adopt a 5 mm thickness for the permanent magnets of both machines.
VI. VALIDATION OF THE DESIGN
Since the optimization model is an analytical, or semi analytical model, a verification of the optimal design produced must be made. This can be done efficiently by using a finite element model. Here, we used the EFCAD software as a validation model considering the 6 pole pairs 3 kW /350 rpm PMG [11] . shows that the flux densities defined in the project (see Table I ) are achieved. The main input specifications of the 3 kW/350 rpm generator that will be checked are the phase-tophase voltage, the electromagnetic torque and the load power. To verify these specifications we used a module of EFCAD that connects the finite elements model to an external three-phase resistive load, star connected. This is a time varying simulation at fixed speed; hence steady state results are attained after only a few cycles. Figure 14 shows the instantaneous field distribution at steady-state (angle ωt=16.248 deg) for the 3 kW/350 rpm generator at full load. The phase-to-neutral EMF of the 3 kW PMG is shown in Fig. 15 . In this figure we can see the effect of the armature reaction over the phase-to-neutral EMF. Fig. 15 . Phase-to-neutral EMF: at no-load and on load conditions. Fig. 16 shows the phase-to neutral and phase-to-phase load voltage and the phase current. The amplitude of the first harmonic of the current is 15.5 A and that of the phase-to-phase voltage is 250 V. Hence we obtained a phase-to-phase voltage that is 13.6% higher than the specified. This is due to the difficulty of properly taking into account the effects of the armature reaction in the design.
The other specification concerns the rated torque of 88.56 N.m. Fig. 16 show the instantaneous electromagnetic torque of the 3 kW/350 rpm machine. We can see in this figure the effect of the saturation of the magnetic circuit over the instantaneous torque, reducing the average torque from 97.3 N.m under linear conditions to 92.2 N.m under saturated conditions. The rated torque is a little lower than that value. This figure also shows the effect of skewing the rotor magnets, significantly reducing the torque ripple. This would be the result of continuously skewing the permanent magnets of 9 mechanical degrees or 9/10 of the stator slot pitch. As this is not feasible in practice, the rotor permanent magnets were divided in 4 axial blocs, skewed from each other of 3 mechanical degrees. 
VII. CONCLUSIONS
The design of a set of two permanent magnet generators was performed using the CADES optimization tool. The optimal number of pole pairs and the magnet thickness were obtained using the same tool with a Pareto tool that enabled to make the parameters variation very effectively. A FEM analysis tool that couples the field calculation to an external electrical circuit in the time domain verified the design results. The results show a good agreement between the design and the FEM simulation. The modeling of the armature reaction is still a complicated task that is being studied. A prototype was built that will serve to corroborate the simulation by experimental tests.
